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ABSTRACT
The n-width 4,, approximation numbers Gh and entropy € of the
Hardy spaces Hp in Lq(-1,1) are estimated. More precisely, denote by
F' the space of continuous functions which satisfy a Lipschitz condition of

order r at z1. It is shown that

1/2

1/2 r r
exp(-2an *%) << § (m N F,L,),a (B NF,L,) << exp(-m™")

v

1/2

exp(-28n1"?) << 8,8 /L 2,4 (B L) << exp(-fa'/%), for p>q

exp(-21n1/3) << en(np g rr.L~) << exp(-1h1/3)

where "<<" indicates that the inequalities hold except for polynomial
factors in n. The constants a,8,Y depend on p,q and r. For p = ®,

the factor 2 in the lower bound of the first inequality can be omitted.

AMS (MOS) Subject Classifications: 41a46, 30D55

Key Words: Hardy spaces, n~width, entropy, upper and lower bounds,
Wittaker series

- Work Unit Number 3 (Numerical Analysis)

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041. This
material is based upon work supported by the National Science Foundation under

Grant No. MCS-7927062, Mod. 1.
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SIGNIFICANCE ARD EXPLANATION

For analytic functions many of the standard approximation processes

converge at an exponential rate. Using more sophisticated methods, it is

still possible to obtain exponential convergence even in the presence of

singularities at the boundary. F. Stenger and A. A. Goncar, e.g., constructed

rank n approximation methods P, such that

1/2

if-P ¢ <C exp(-rn ")

nfle, (-1,1]
for £ an analytic function, bounded in the unit disc, which satisfies a

Lipschitz condition of order r at 1.

In this report it is shown that estimates of this type are optimal in the

sense of n~width, i.e. the above rate of convergence is best possible for

approximation by rank n methods.
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N-WIDTH AND ENTROPY OF HP-CIASSBS IN Lq(-1,1)

{,ﬁf . He G. Burchard and K. HSllig

o, 1. INTRODUCTION.

:. \5 For analytic functions many of the standard approximation processes converge at an
Y. exponential rate. Using more sophisticated methods, it is still possible to obtain

:_: wual convergence, seven in the presence of singularities at the endpoints of an
:.‘ interval of approximation.

In this paper we obtain precise upper and lower bounds for optimal eonvor?nco rates

of approximation processes for the natural imbeddings of Hardy spaces into L‘( 1 1) in

?:: the sense of n-width, approximation numbers (linear n-width) and also entropy. This makes
f? it possible to assess the optimality of bounds previously cbtained for special
approximation operators. <

":j As a model example, consider the class H_ of analytic functions £ bounded in the

:3 unit disc. To obtain convergence in L_(~1,1) of approximation methods, some mild

' e additional assumptions must be imposed about the behaviour of £ at $t. Por this, let

\ ¥" denote the class of functions in L_(-1,1) which satisfy a Lipschitz condition of

:E " order r> 0 at %1 (c.f. (2.4)).

:S ' In {6) A. Goncar has constructed piecewise polynomial approximation operators P, of
‘ rank n such that

TRY LR .xp(-m"z)uun. v

A

;: vhere a = log(1 + fi)rv 2. Here, "<<" indicates that the inequality holds except for a

' polynomial factor in n. R. De Vore and K. scherer [4] showed that exp(- /2 a'/?) is a

l lower bound for approximation by piecewise polynomial operators. In (9, 13-16] P. Stenger

developed a theory for approximating analytic functions using Whittaker's cardinal

[ series. 1In particular he obtained (1.1) with an improved value of the constant,

i

Sponsored by the United States Army under Contract No. DAAG29-80-C~0041. This material
- is based upon work supported by the National Science Foundation under Grant No.
MC8-7927062, Mod., 1
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NN
“ c--;-r"z. Por the approximation of functions f in u_nr" we obtain the sharp
%)
:L lower bound
i3 x 1/2 )
2 1.2 it -p £l » (=< (en) "T)(0EL. + 120 )
5 “.2) n L (=1,1) > ®PT 3 H <
o valid for an arbitrary rank n operator P, (c.f. Theorem 1). This establishes that
. approximation by whittaker's cardinal geries is optimal and exp(- ; (rn)vz) is the
4eT)
v, 3
3 precise asymptotic order of the n-width of H N F in L_(-1,1) up to a polynomial
factor in n. We obtain results analagous to (1.1) and (1.2) for the n-width and
"; approximation numbers of npﬂ ¥ in L(=1,1) (c.f. Theorem 2) and of oy, in
e
5 t.q(-l,n, P> q, (c.f. Theorem 3).
1‘ For entropy, however, the asymptotic bshavior ig different. For our model example we
o obtain (c.f. Theorem 4)
A
%
& exp(-2m'?) < € (BN r .y « exp(-m'/?)
A
i vhere Y= (;— log 2 r)Va. Thus, our results show that n-width tends to sero more rapidly &
‘, than entropy. These estimates are in remarkable contrast to the results for Sobolev spaces
y3:4
} wvhere .n‘dn {7]. "The slower decay of entropy sesms to be typical for classes of °
% analytic functions. B.g. the best known example appears to be the following. Set
A= {wek: |w] <1}, Then we have for p < 9
X a4 (R_,L_(p4)) >< exp(=|log p|n)
'!\q
- 172
: €, (BgsL(PA)) >< exp(-(log 2 |log p| n ' °) .
! After stating our main results in section 2 we prove in section 3 auxiliary results
2
':7.,' regarding n-width and entropy. In section 4 we introduce equivalent approximation problems
N
o on the real line and obtain basic approximation properties of weighted cardinal series.
(A
22 The proofs of Theorems 1-4 are given in section 5.
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2. MAIN RESULTS
Let T : X+ Y Dbe a bounded linear operator between Banach spaces X and Y.

Ewidth 4, the approximation nymbers (linear n-width) § and the entropy ¢ of T
are defined by
(2.1) 4,(T) = inf  sup  aiet (Tx,V)

Yy Ix lx<‘l
dim Vén

The

(2.2) Gn(!) = inf IT=-P: X+1}
PeL(X,Y)
rank P<n

(2.3) ¢,(T) = infle s ;y,.....yzne Y such that TB(X) C :' (y, + @(¥))}
where B(X} denotes the closed unit ball of the B-space X. If T :1 X +Y isa
oontinuous embedding we write a,(X,Y) in place of a (T). Here and in the sequel a,
stands for either one of the numbars dn'cn or ‘n'

Let l’. 1<p <w», Jgenote the Hardy space (5], i.e. lp is the class of analytic

functions in the unit disc A for which

aw
1, = s (= / i2ae®)Pa0)/P, 1 <pca,
p 0<s<? 0

i), = swp f(s)|
o |s|<t

is finite. Given a conformal homeomorphisa h of A onto a simply connected region
Q9 Cc ons can define [6)

H(Q) = {f 1 2+C:£fenen).

P P
Different conformal maps result in equivalent norms.

We dencte by F* the class of functions in L_(-1,1) which satisfy a Lipschitz

condition of order r > 0 at t1. Let (r] ([r]) denote the least (largest) integer not
less (greater) than r. FF is the direct sum of P,lzj-1* the space of polynomials of

degree at most 2lxr] - 1, and the space fx.,(-i,i) of functions with gzeroa of order r

-3-
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at 21, Ww) =1 -vw’. Let p. be the projection of F¥ onto Pypyoy 3efined by the ‘
, 4
; conditions
-r
A (£-2 00 er(-1,1) . .
%]
ke Then the norm on P* can be defined by
, 7T (g - .
«;3 (2.4) ltl’r - "r"n.(-l.i) + 0y ( prﬂ't._(-‘l,i)
e
o
-.E: We study approximation of functions in Ilpn *. 7o state our results we use the
‘-'1

following notions of asymptotic equivalemce. Let a bn' n €N, be two sequences of
::J positive nusbers. We writs a_ ¢ b if there exists a positive constant C such that
,
% q.<cb‘culq.«b‘ if there exists a positive constant Jj such that ang,nbn.
Y] ‘
jou! The sysbols 2, >> and s, >< are defined similarly.
b TREOMEM 1. For r > 0 we have
Pey
B 8 (m, NPT LL (-1,1)), & (m, NP L (1,01 >< axp(- 3 (rm) /%) .
£ .
This result has already been mentioned in the introduction (c.f. (t.1), (%.2)). The upper
e | .
& estimate is due to F. Stenger (13] and our lower bound shows the optimality of the order .
0k
b ) | 1/2
o0 oxp(- 3 () / ).
/'
X THEOREM 2. For r> 0 and 1 <p ¢ = we have
1/2 r r 172
o exp(=-2an ") <« Cn(n NP ,L,L(=1,1)), 4 (B NP ,L(-1,1)) << exp(-an'"")
P np
- "
. vhere a= 72 °

2({r + 1/p)

.fé It is interesting to compare these rates with the estimates of F. Stenger [15], who
‘24
i considered the classes ll; = ‘!p, with Ww) = 1 - '2' and obtained
&
5 exp(~(/5 ¥ + en'/?) < S (HE, L (=1,1))
£ < exp(~( L 773 " c)n”z), n > Ne) .
. 2(p')
é‘ -4~ s
"
4
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Here 6; is defined analoguous to § n but restricting the class of rank n

approximations P to methods based on point evaluation, i.e.

'Z'
f = fix, )s, .
R L

BARGLEE >

As we shall see in section 5, n; is similar to the (smaller) class

ST

a
LY

A

B NP, r=1-1/p=1/p'. We cbtain the bounds (valid also for ®,4)

,‘ i'\‘

; 1 _1/2 T 12

» 2.5 oy = n'%) <¢ & (H*,L_(=1,1)) << (= —n'%) .

i ) oxp( G'- n'Fpe .( ¢ oxp 2 /p.T
In viev of Theorem 1 we conjecture that the factor 2 in the lower bound of Theorem 2 can be
X omitted and up(-m'/z) is the precise asymptotic rate of the n-width.

-

THEOREM 3. For 1 € q<p <> we have
&
-28a"2 . . w2

N exp(=2fn ' “) <« ‘n"p"‘q‘ 1,1)), "n","‘q‘ 1,1)) << exp(=fn""")

3

3 ¢ L RS IV
& vhere 8=3 (C-2)"°.
L
’; ¢ REMARK. The proofs of Theorems 1-3 will show that the results are true for any s-number in
'y
{ the sense of Pletsch [11].
'y

A As mentioned in the introduction, Vitushkin's [19] estimates for entropy of classes of
3 analytic functions show exponential decay of cn(n.,r._( pd)) as oxp(-cnv 2) for
)

4 0 < p < 1. MNotice that in this case the functions approximated are analytic in a

X neighborhood of the domain pj of approximation. In this paper we obtain estimates for
;' entropy of imbeddings of amalytic functions with singularities on the boundary {-1,1} of
5‘—‘

e the interval of approximation, the rate being oxp(-cnva). We attribute the curiocus

v

b exponent 1/3 to the fact that singularities are allowed here. A typical result is as

%‘ follows.

1

1)

N

N

A

.

; o

1

3

Y

?

' 1, 1 “'-1-, - ’rt,"". Ll Tl L) L1 E < LWL Wt e Tt e e e - v wom e .

i !éi Qmi .""Vf‘.f‘! \w‘\q ..:: ‘::‘Q'\, ::..'i " e, "'1\}15 N‘ n“ "’ ‘.h. .t .:'\."1 .'q:_'-:_"-".'.-_“i'.’_'.;. . ‘ :e:'-‘."": "". :‘ -

LI v
D P NS R A VAL
. m el AT AT T VA At




Fat T VB e ot e e Y T

r>0 and 1<p < wohave

up(-zm’

3 x 1
) <« cn(npbnr oL (=1,1)) << exp(-wm

Prlloq 21173
Where Y= (2(!. ry 1/P)) .
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A. Pietsch has developed in [11) a general theory of "s-numbers” which includes
n-width and approximstion numbers as special cases. We list below some basic properties
of & amd ‘n which hold for entropy as well. Let a, denots either one of the numbers
‘u' ‘n or ¢ and let T : X+ Y be a bounded linear opezator, then we have

The pumbers a, form & monotons decreasing sequence, i.e.

(301) = lo(!) H] l1(!, P cee

1L T atmite uhe fectortsation 71 ¥ Zey' Dxt Eox e tave

(3.2) ) nn(r) < lnlani'l')hl .
The mmbers a, are sddivive, i.e.
(3.3) .lloﬂl‘ (ro + 1'1) < lao('lo) + ln‘(‘l") "

Properties (3.1)=(3.3) are direct consequences of the definitions (c.f. {11}).
The following result is useful for obtaining lower bounds for n-width and

approximation numbers.

Lo 1 (8], Iet V begsn B+ dimengional subepace of X and let 4tV +X be the
Samcaical injection. Thes we bave

a.i) = G.(l) =1.

We shall need some estimates for a, in sequence spaces. By z:,z_ we denote
t‘.l’ with supremum norm. In addition, we define the weighted spaces l.p by
4

(3.4) R, o= ltet, m‘. p- -: expioividie | < =},
’

LDeR 2. For m> n we have
D - ot -

and for = 2n - 1,2n
e p,l_) &L, , o' ta? = Sxpl=gm) .

-7-
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Pxoof. The first part of the Lemma is a consequence of Lemma 1.
Let P, be the projection of £_ onto the span of the first N basis vectors

(Gv " |B,|\!| € N/2. ‘Then

Mo-py sk, v 20 exp(-ple/2))

is an upper bound for 6“(1), i8, 0 + 2, being the natural injection.
(]

PFor the lower estimate consider the factorization of the identity
w1 oI, Paer . gt
! l. ..'p ;. ‘._. d‘.
where 1 is the canonical injection. Using (3.2) and Lemma 1 this yields

ll+1 lH"l

1-%(1

) € aIha (e, A0, 0 < explol(N + 1)/21)a.(8, ,2) .

LEMMA 3., Por >0 we have

o Hexp(-(1092 mm) /%) ¢ € (2, 1) ¢ o expi-(1002 ) '/?) .

o

Proof. For €> 0 the unit ball B of & .0 contains the finite subset

Ale) = {(ae g a e o, Iavl < exp(=|vip)} . -

FPor the upper bound note that A(2¢) is an £ e-net for B. It suffices therefore

$ 172

to show card A(26) < 2” when €= 2¢"°, &= (log2 gm) - P We estimate

card A(2¢) = T (2fexp(=|Vv|p + 8)/41 + 1) € I  exp(=|vie+ &
vex Ivi<&/p

< up(-p(%- 1)%+ 6(2%+ 1)) = m(§+ 28) ¢ 2"
as claimed.

8

For the lower bound fix ¢ = -;- o, 8= (log2 m)1/2 + 2p. Then

card A(2€) = N (2lexp(=lvlp + &1 + 1) > I exp(-{v|p + 8)
ves {vI<8/p

>.xp(-p(%+ 1)%+ 6(2%- 1))-oxp(-:£- 28) »2" .




LY R SRR A, SIS A

Given any l.. e-net N for B with cardinality 2", since card A(zz) > 2“, at least
one of the & ~balls of radius ¢€ with center in N must contain two distinct points of

A(2€), and this implies € < € This establishes the lower bound.
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4. APPROXIMATION PROCESSES ON THE LINE -
B Yor the proofs of our theorems in §5 it will be convenient to consider equivalent
-3
4 approximation problems on the line. The conformal mapping *
33
3 + w
. s = log -—1 pug

transforms the unit disk A one-to-ons onto the parallel strip Q= {z e : |[m 2| < ;'}
&
‘: and at the same time maps the interval (-1,1) onto R. This substitution induces
:,:3 isometries from llp onto ! (3) and from L (=1,1) onto the weighted apace ¢ /qL (m),
- vhere

¥(=z) -Q-‘l-o-co-hz .
P o
~ The norm on ¢ Lq(l) is given by
&S
.
-1/q
a3 £1 = 19 "9 .
s, .Vq.n (R) Lq(n)
q
»
* We also need other weighted function spaces. Let
24
Qd -5 Q, 0<cac<sy,
i.e., z € Qd iff |Imzl < 4. Then, for real )\, f & QNI.(nd) iff 04! e ll.(ﬂd) and
1£1 - u"ﬂn (02 °

3 N _(0a) -
.i' ¥otice that ¢ maps 2  onto C\{x e R: x <0} and so 0‘ is holomorphic on Q.
'l
N We note some simple properties of ¢(z)., If z = x+ iy € a', then
:'. (4.1) c, olﬂ € |#(2)| = cosh x + cos y € 20"' .
:} wvhere cy--;- for |yl <§ and cy- (1 + cos y)/2 for §'< Iyl < % If we A, then
; z= log e Q /2 and
A (4.2) 1= 1wl = 2 cos y/l0m)| .
X We now establish equivalent approximation problems on the line. To do this, we first
Q replace P by the simpler space ¥ L (=1,1).
"
2.
-10-
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LDeQ 4. lag r> 0, k=2lzx), 1€<pq¢ ™ Thenfor a = §,d

.
pexEy 0 r’.z.q(-a,m L 8,(B N WL (=1,1),L (-1,1))
<a @ n r',x.q(-um . |

For L cn, the second inequality is still valid but the left-hand inequality is j
Zeplaced by

T -m/k : 4
C-m(lp ne .Lq(-h‘l)) -2 < ‘nwp n 'l-.(-h‘l).bq(-‘l.‘l)) .

roof. Write the natural injection 1 : H N rr +L.(=1,1) in the fora
i= (4~ p’) + Pye vhere .p: is the projection of r* onto Pyoqs ©fs (2.4). When
a - ‘n‘dn it follows from (3.3) and rank P, = k that
(4.3) .Mk“') < ln(l - pr) .
This is the only step in the proof where entropy requires a different treatment, and we
have

(4.4) ) S -p)+elp) ce-p)+2™VE,

The second inequality comes from the factoriszation ;

P H 0P ol ko L (=1,1)

wvhere j is the identify on l.: and c-(j) az""‘. We now proceed with a - 6n,dn or ‘
G‘- We may factor 1 - p, as

R R KR it Nl XC AR AR 4

*

with Tf = (i - pr)!, and IT0 = 1 4in view of (2.4) and the inequalities

i£ - ptfl < lfl‘l + 'p:tlll < Iflll + Ipt!l = 1t .

u L (=1,1) u et
P

) 4 ) 4 | 4 P

The left-hand inequalities of the Lemma now follow from (4.3), (4.4) and (3.2). The right-

hand inequality is obvious from (2.4).

The substitution z = log : ty

induces isometries !lp + tlp(ﬂ),

Lgt=to1) + 09 ) ana Wr(-1,1) + 2°0L ), noting tnar #s) = E. hea

consequence we obtain the following equivalence.

- - . .

P‘. .‘ -.‘5 "‘- - - - fs
WOt e e T e T
(A

-
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LEMMA 5.

T -r 1/
8, (B0 WL (=1,1),5 (=1,1)) = a (H (DN ¢7L (0, ¢ qx.q(l)) .

As one might expect when approximating functions on the line, the precise behavior of
the functions near the boundary of £ is not isportant for the rate of a,. In fact, it
turns out that what matters is merely the approximate rate of growth of [f£(z)]| for

te Hp(ﬂ). The next lemma is what we need for the reduction from Hp(ﬂ) to 0&.(94).

LEMMA 6. PFor € > 0 one has

1/p =-1/p .
s [ F4] < I£h < e Izl
o"’n (Q ) "p‘“’ 0""’ 'h.(m

Proof. The lower bound follows from an inequality of Hardy and Littlewood [5]. PFor
€eH = H (A
geH, =l

lotw)l <« 2"/P(1 - |v|2)""’|g|'
)

1+w
=) Thea '"n’(ﬂ) - ""’, and hence by (4.2)

Por £ eH(R) let g(v) = £(10g

-1/p 1/p
I£(z)| € cos yis)| '"l-lp(ﬂ) .

For the upper bound we observe that

IQ-'/M‘gIa < u""’"ln 9t
P P -
L
and "'1/1”&'“ < U linep-10d0)1/p g c—‘l/p .
p 0
Remark. In analogy to similar characterizations of Hardy spaces on the upper half-plane
(5], one can show that Hp(m - vaHp ¢ Hp, where f € Hp it £ is analytic in Q and

-
1£0, = sup {] 1fx+ ty)lpu}Vp <w,
P lyl<w/2 ==

AR R T A )

LI AR
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d = %,

The proof of this non~elementary result makes use of the factorization theorem for the

Nevanlinna class N' and the fact that (1 - '2)-1/ P 44 an outer function.
LB 7. Let €> 0. Then Ifl < eV 148 .
= — Lq(l) ~ L (R)

This inequality is useful when proving upper bounds, as it implies
au(X, qu(l)) < ¢-1/ % n(x, qu-cl..(l)). The lower bounds require a different technique
employing a regularization mapping qux.q(l) into a weighted L _-space, cf. Lemma 9
below.

Next, we describe the approximation processes on the line to be used in the proofs of

our main theorems in §5. lLet p> 0, £t > 0, ve £ and define the functions

- - &P - sinw(tz - V)
s,(x) 'vtp(') ¢ (z - W) wte = v °

Notice that s_ is holomorphic in ﬂ. and -“(u/t) - 6'“. let

v

sntp = 'm{'wp ¢ |vl € n} and define the interpolatory projections

>
Pntp 1 C(R) sntp v

Poeof = I\}&\ t(V/t)-\w

In addition to these finite-rank approximations we also need the series

P = ] flwt)s, .
e & wo

Por p= 0 this is the Whittaker cardinal series (18]). As mentioned in the introduction,

the cardinal series was employed by Stenger [13) in obtaining his upper bounds. Lundin and
Stenger (9] and Stenger ([15) also used weighted cardinal series similar to ours. The next

lesma implies that the series Pt,p! converges uniformly on R if (f£( \Vt))u is a

bounded sequence.
We now establish bounds on the condition number of the basis {s v}' It is perhaps

surprising that these crude estimates, where the coefficients grow as powers of n (the

13-
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parameter t will turn out to be proportional to n"z), suffice for determining the

order of a.

1BMA 8. For ('v)\u in 2. (3), t>1

ot
(4.5) l(av)l‘. < |‘£. nv.“”ln.(” <t S l(.vu..

Proof. Por_the upper bound we must estimate the Lebesque function L(x) = ) l'\tp('"'
s
- /e |
1A ] < sup I e plx=v .
La®  rem vex

The value of the last sum evidently depends only on the residue of xt mod 1, hence let

0<xt <1, Then |x = V/t| > (|v]| = 1)/t and for ¢t > 1

T TPVE GV
s

it <
Lm &

A similar estimate can also be proved for L_(R) replaced by t.q(l).

LEMA 9. PYor a positive integer m, p> 0 and 1 < g € =

<1

Lol iy DA vl poeg e L 45 1

(4.6)

o+ )"V 514 yuy

v |v|<n'12n+1
-

)
|vi¢a

el veo'x.q(x)

n
< l(lv)

(g 1/

Proof. The right-hand inequality follows from (4.1).

Iv] € n extend to Lq(l) the linear functional on LI

convenient extension is :‘v' where

vl m'lznﬂ
-

o given by

-4~

)

| %] €&a

To show the lower bound, for each

.?mp hd ay A
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Ls > b, = s(x)ax, s eL (R) ,
V' il M2 - q

and B = (bw) is the inverse of A = (au‘).

e lc lolxl

= s (x)ax, ¢> 0; {ul,Ix] ¢€n .
e 2¢ Ktp

wet-¢

As s“’(u/t) - 6‘“, we have the bound

1 "’7"
la._~68 | €<= Is_ . (x) = 8  (Wt)|ax
ue ue 2¢ wt-€ xtp P

a
Cecoup (== s (x)]| CHe(p + t)
wm X TP

where M is a constant. We choose c--’i(p-rt) and obtain

1
-1 € (2n+ 1)ne(p + t) <;.

Tharefore
] h ]
lnl_c————1_“_“ €2 .

-
This gives for ‘—,--tl-'l
q q

JZ ‘—1/q ~(p+ t)ilq n‘l/q .

1
lnvl&q' (R) £ ¢

uuny; in this section, we state & formula for the error of approximation

gL ~-P ncp! which follows from the calculus of residues and wvas extensively used by F.

Lmom 0. If £E€B(B), 0<Aacyw and xe€R,, then

=P
- _ sinwtx ¢ (x - =)f(z)
(4.7) (£ =P, ‘)(") 2w s, (= - X)sin(wts) dz

qa

=fSa

"B‘. ~=
B
e N
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i Proof. Denote by R, the rectangle
"; n+ 1/2
:'_J [x+1yeﬂd_‘:lxl<—-—Lt }. )
L*': If we replace P by P and 93, by @R, then (4.7) follows from the residue
,:'4\ t,P n,t,p a n
.,,53 theorem when xenn. We now let € +0 and n + » and apply the dominated convergence
theorem. Here we are using the existence of nontangential limits in 1L_(34) for
43 f£en, =H_(A), asthe lines |Re z| = const, z € R,, transform conformally to
i
k. nontangential curves in A under the substitution =z = log : : :. Ve alsc make use of
'lf
N (4.1) and of
- (4.8) Isin(x + 1y)| = 3 |2 cosh 2y = 2 cos =252 el o9y .
-
& LDSA 11. Under the hypotheses of Lesma 10, vhen d =3 and t > 1
o
s
i P
! (4.9) '’ -, £ ) ¢ exp(- 3 t)ien, S8 |
53 . |
i ‘
-
e ;
Proof. Trom {4.7) and {4.8)
un -~
U 2 '3
:’ - — - -1 .
X - p (& (oG e) - )Ty gy g el een g,
M
" For reference below we note
i siaw(ts - V)
,va (4.10) sup '(u - v, goxp(ﬁt) ']
17 zen
i qa
Sd
L.
~‘r- a consequence of the maximum wodulus theorem and (4.8).
)|
b } We note that approximation in L_(R) can be replaced by approximation in C(R), the
1': subspace of continuous functions in L_(R). MOre precisely, for a compact linear operator
‘ T3 X +*C(R) we have
¢f (3.5) a (1) = a (37)
B! where 3 1 C +L_ is the injection. It is clear from (3.2) that o (JT) Ca (T) as i
® i@~ -
"
'1‘.- ,’Qn‘. '-'- ..v-\v"’..'z _..1.' A ) . :,, . LY. ."'- "‘ :. y .‘: -:‘_‘.» ... “.“: ,‘..,. -
*-."-\."\"-ﬁ\f -~ ‘E' X

Ny e e e
L XV ik
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ijl = 1. To prove the reverse inequality note that the compactness of T implies that
N J
e there exists a modulus of continuity w(§,t) such that
+
‘(G't) * 0, 6 +0 P

Ex '(6.‘) < '(.,t.)' t < ¢! .

" and for all £ € T(B(x))
f sup I2(s*) = £(8)| < w(d,t) .

Isl,ls* <t
X fo-s’|<8

.

Por €> 0 we choose a function h > 0 such that w(h(t),t) < ¢ and define a smoothing

.: operator R, 3 L, *C by ‘
.; \ t#h(!ltl)

= (R £)(t) = s £(s)ds .

' (4 2h(t) e=hlitl)

- Then IR‘I =1 and .n(j'r) > .n(n‘:l'!) - nn(l"l') > .n('r) -"h- R"!l by (3.1), (3.2) and

& (3.3). From the definition of h we see that IT = R.TI < € which, since ¢ is

Py
‘ arbitrary, finishes the proof.
‘.
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To simplify notation we shall use the abbreviations xrd = ¢ ll.(ﬂd). x‘ = xr,tlz'
xex, ¥ = ¢°c(R), ¥ = Y,

Proof of Theorem 1. By lLemmas 4 and 5 it suffices to estimate dn“')' 5nm with
i:x2n Y *Y In viev of the obvious inequality a < ‘n we shall bound ‘n from
above and 4, from below. To prove the upper estimate we write 1-(1-Ptr)+r and

tr
by (3.1), (3.3) we have

Gn(i) < - ’tr' + ‘n"tt’ .

By Leama 11 we have

. . . . .z

(5.1) : : H-p 0gexp(-3-¢t).

To estimate the second term we factor Pey a8

(5.2) sy feg s Ly
txr -y -, r -

vhere (If) = £(V/t) and a.-{.v.m. Clearly fxl =1 and since by Lemma 8
I3 ¢ t we obtain using (3.2) and Lemma 2

(5.3) ‘n(’tr) <t exp(= % n) .

Combining the estimate (5.1) with (5.2) and choosing t = l' (tn)v2 gives the upper bound.

To prove the lower estimate we consider the following factorization of the identity on

2mé
" ¥ J
J I
2mt1 = i m. 2w+
l. —’xn'-r-.’y_". .

wvhere 1, and J, are defined analogous to I and J. Using the estimates
'2
lsle < oxp(z— t)

£
"v'Y_r gcxp(; m), |V ¢m

for the norms of the basis functions s, we obtain, choosing t = l' (2rm) v z, m= {n/2)

-
PR e VNE NS RERY gl |

G e ¥ LN TWNTTRTTR LT T e,
PRI RN :1
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< *.-..-.’-—‘

1/2) .

NP -(up(f m) + oxp(zi t)) ¢n oxp(?: (rn)

The lower bound follows now from (3.2) and Lemma 1.
Ve now formulats a general result which allows a unified treatment of the proofs of

Theorems 2-4 and is of independent interest.

THEOREM 5. Let a, denote either ome of the mmbers 4, ‘n or ¢. For A>0; p>0

and t > 0 we have

&Rt tal * exp(~ IS r-h t) <« (XN Y ¥ << -

(5.4)
8, (g /e ta) + oxp(- zﬁ -rf—’ t) .
As & consequence we obtain
[
2
) wp(-r (72 n)'%) <« a (x,n LG T RC LR
(8.5)
« el 3 (L 2)"2)
E and
: 2
oxp(-u-"';ogm"’(rf—, n)'/?) <« ex,n ¥
(5.6)
2 2
; < eoxp(-(F 1092)" 3 (x- £ 0)'?) .

ST

Proof. To prove the upper estimate in (5.4) we write the embedding i : xxn !_p +Y in

the form 1 = (4 - ’tc) + ’t ¢ where we choose 6> ),p. As in the proof of Theorem 1\ \;o
14

estimate

PSSR ‘-‘ "o
N . -..' ‘&“- ’.*.‘ o
DN N \ -...\ RN




" a el

an(i) < i - ’tc' + .n“'t,o,
and obtain for the second term (c.f. (5.2))

‘n(’tc’ <t 'au-Mt"'O) .
Therefore we have to show

2
YA
u—rcl << up(--——x-f—;t).

t 2
¥ 3
To estimate npl!(x)-ruﬂz)l we set A-Tmt and consider two cases.

(1) (x| € A. Lesma 10 and the estimates (4.1), (4.8) imply that

Iex) - v, £(x) ¢ exp(- 5': t) '{ exp(- oix - x| + Alslias #0, <

A
exp(- 3~ t + W) l!lx‘ .
(41) x| > A. since |£(x)| ¢ up(-plxl)lﬂ' it follows that \
-p
Ip, f(0)] ¢ E exp(-p| Wt| ~ olx - th)ltl'-’ <t oxp(-olxl)ltl'-p .
This implies that for (x| > A
i£(x) - ’tcﬂ"” < expl=ph) ltl'-p
Combining the estimates (i) and (ii) completes the proof by our choice of A.
To prove the lower bound in (5.4) we consider for €> 0 and A = r?- -‘-l—p t2 ]
the following factorization of the embedding ) l.' WEre -2,
J, I
A 1, .0
l.'p/”‘—’!an_p > Y ’l.
where (I, f) = £((V+ B(V))/t) and Ja= \z’ 8 Sub(v),t,o° MOre D(V) 1s defined as
D(V) = v+ Asgn V and O is chosen larger than A and p. Using the inequalities
{(4.1), (4.10) we obtain by a simple calculation, keeping in mind the choice of a,
«20=
-
S T e T e e e
o S e g e e T T e i T N N N Y

A AN T AT T el L A Skt SRR JE R AL L S R
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£

el

.<.oxp(';—z'= - a/t)

S en(v) 'xx

%

180 (v) lv_p < exp(p(A + [v])/¢) o
L
é Therefore
g "’A"x{w <1lalte,in .‘{‘Y..,
g oxp(3 ¢ - we) I la) + exptoast) | exptolvi/eiia|
vl

-2
4 < (exp(3- € = ase) + expton/e)) | exp(-¢iv)) tat,
et ®, p/tr e

:’ and by our choice of A we get
! ;

2
-1 L
IJ‘I £e cp(a—rh t) .

Since lx.l = 91 this implies

~

a (3 g C.‘up(zﬁrh th (1) .

Taking into account the asymptotic behaviour of nn(:l) - cn(l.'p/”‘.l.) the lower

estimate follows by the appropriate choice of €.

AT YT
Y

The inequalities (5.5) and (5.6) follow from (5.4) by substituting the bounds for

an(l.. 0 /t" ) obtained in Lemmas 2 and 3 and choosing t appropriately. More precisely
L4

for a = 8,4 wechoose t = ('L (A + 0n)"”2 ana for a =¢ let ,
; t = 4 log2 sl + g[ )1/3
g 0
5 Using Theorem 5 we can now easily give the proofs of Theorems 2-4. ‘
Proof of Theorem 2. In view of Lesmas 4 and 5 we have to estimate the n-width and
j} approximation numbers of 4 np(ﬂ) s L S i
i {
v ror the upper estimate consider for € > 0 the following factorization of i 1‘
1 |
] BE(NY -j—'-ox ny Lx . ny j—z»!’:! |
) ) 4 -r 1/p,v/2-¢ -r Vp -k :
. i
iy |
K ;

-2=

, o '»K‘\"??n’}s 'n.'. .:"'“\ Z*’ " '\\""Hf :

¥
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where x-l'%;—s and T is defined by °

el

=3

(Tg)(s) = g(is) .

33
0

8ince by (4.1)

” -
*fo %)
[RLE% 4P

IO”(:)I = IOD(h)I, for sz, € ﬂd, a<w,

o

we have that

lt:!

::E“ Ap,d/l' <1, da/A<s

! It:Y +¥Y <Y,
et -p -xpln

o, Using (3.2), Lesma 6 and (5.5) we obtain from the above factorization

- 8,(1) < 13,0018 (3,011 << € VPaxp(-2(0n'/?)

¥ f(e)...(_:_:)_;)‘/z' A= 'i/; c.

Since f 1is a smooth function of ¢ we get by setting ¢= n /2

1/2

Sh i

LA A

I3 . 9
Y YRV A BN Y S

l‘ .l

-£(0), Ee (0,12

s
!

). L

Gn(i) << exp(-£(0)n

)1/2

& _'
N This proves the upper bound in view of 2(0)-2('___‘_1/9

.:‘;_' To prove the lower bound we consider for € > 0 the embedding

LY
B, 257 j :!Vp_.ﬂv_r-’!.

which may be factored as

“ 3
', 2 i
N N -t - .
N v N Yr T llp(ﬂ) Ny =+v

By Lemma € we have 1j,1 ¢ VP, Applying (3.2) and substituting the estimate (5.5) for

P o

-t

dn(j1) we get

& d
LIPS}

RANSERSS

.

2
1 -
“’(-'(Wp_-rTf—r) /2n1/2) a3y ge 1/pdn(i.) .

3
Y

B

As in the proof of the upper bound we write this inequality in the form

¢ Pexp(-gte1n'’?) <« a.) .

writing g(e) = g(0) + €g'(E) and setting ¢ = n /2

il

30
L2

Yatite

finishes the proof.

4 4
¢

Lo
P i 2t
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The proof of Theorem 4 is completely analogous and therefore omitted. We simply use
o the estimate (5.6) for €, instead of (5.5).

Proof of Theorem 3. Recall that by Lemmzz 4 and 5 we may estimate dn(:l),cn(l). where

L H (@) » 9"%‘1(!).
To prove the upper estimate we consider for ¢> 0, A= _'[2_./;_.5 and

p=1/q - 5‘ (1/q + 1/p) the following factorization of 4

3
T, 2

- j
3, 4/ q!.q(l)

j1
i up(n) — pr—"'Vq-p_—"n/q-p)/l—’

X1/p,5/2~¢

where T is defined by (Tq)(zi = g(Az). As we already pointed out in the proof of
Theorem 2, Iti,it 't < 1. By our choice of )\ p and since p > q we have
Mp <1/q-0o and (1/q - p)/A < 1/q. Therefore the embeddings j,,jz,ja, are well
defined. By Lesmas 6, 7 13,1 ¢ ¢ /P, 13,0 ¢ 1. Using (3.2) ve obtain
5,1 ¢ € VP83 .
Since a (X ¥ ) =a (X _ ,¥) ¢a (XN Y, ,Y) this and (5.5) imply |

/2, .

(1) g Ps xny 1) ¢ €V Poxpienion’

Np-1/qtp

vhere h(t)-;(l/p-‘llq#' p) with A= Xe), p= p(c) as defined above. Since

172

A(0) = 1, p(0) =0 we may set ¢ = n and complete the proof as in the previous

The lower estimate, however, cannot be obtained by this technique since there is no

q
proof of Theorem 1. By Lemma 6 and isometries we obtain

embedding Lq(l) + Y,. But we may work with I directly and proceed gimilarly as in the

B 1/q 1/p 1/ /p
e, 4 2 L
4 n(Hp () # TR 2 €A (%) o T D) - P xR
ldn
L Let p=1/q - 1/p+ € Then p > € and we can factor the identity
I I
2nt1 _2
Tt~ x_, i, I.q(R) < l.:"”- Here, I, {((a)) = ) 4 Swp* From Lemma 9 and

{vi¢n
4 the Hahn-Banach Theorem there exist linear functionals L, on Lq(l), Ivi €n, such that

-23-




e
Je 8

B

g

R
Rl 8 PN S

e 1...

g
pL A

3

Pl |

v
St el i

)

LT T
£ni ity AREY

3w

A

P

T T O e % g O O AL G SR W R SR NSNS S
ot ey Re OGN Z@'»T”ﬂkimﬁﬁ% PO e S A0 LARBAREES S R LR A S LI A e TR O Se e L%l

Lk, e W D

1/q /g
e (] as, )J=a, mic(p+e)’/n
Y iulen ¥ WP v Ty

(actually, an oiplicu: construction of L, is provided in the proof of the lemma). Let
11 be defined by I1f - (va) |\’|<n' Then
TR RETRRILAFLL

To estimate lle we have from (4.1), (4.9)

is. .1 £ sup o"lxl-"'"‘-‘V‘:loxp(zﬁ t] - Oxp(ﬂl vi/e + ;3 t) .

Therefore

1,0 < n exp(m/t +¥-:) .

Pros Lesma 1 and (3.2) there follows now

1= dh(l) < '11"‘&:(’”12' v

a () 2 (p+ 021V NP gepiepuyiae) - 2£ 0.

The proof is completed by the choice of t = /pn/¥ and then c=n"12,

Remark, Combining the ideas of the preceding proofs, we cobtain the estimates (2.5).
Indeed we have, cf, Lemma S,

8,88, (=1,1)) = 26, (¢ (@, 1 (m) .

st p= 1~ t/p= 1/p'. From the obvious injection x_p=-~ xn v.p + Dby lemma 6, (3.3),

(5.5) and using T,A as defined above

-1 -1/p
6,00 H (R, L (M) g € T X oin oY)

-1 -1
¢ VP 8, £ €V s xny i < ap- § (P,

¢=n"12, as in the proof of Theores 2.
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For the lower bound

f -1 1/p 1/2
N 8, (¢ Hy(0),L(R)) > € 8, (Y oY) 2> expl=%(pm) "7) ,

::' were we procede as in the proof of Theorem 3, but using Lemma 8 instead of Lemma 9.

n The following slight extension of our results is now easily obtained. It concerns the
. question about the dependence of an(llp(b) n r'.:.q(-i,t)) on the domain D. A domain much
' smaller than 4 might be useful to consider when it is a matter of approximating functions
A

3 with singularities very near the interval of approximation (-1,1). Or, conversely, one

’ might be interested in functions known to have singularities far from (-1,1). Suitable

.‘-, domains generalizing 4 are given by

- 14w

g Ad-{vetalarg-;-:-"-l<d}, 0cacwy, A=A, .

X These were considered by Stenger [13-16), who obtained upper bounds. The substitution

. z = log : : : naps Ad conformally and 1-to-1 onto Od. Using the isometry

3 (79)(z) = g(As), - -:-g, we £ind we can reduce the problem of bounding

: r

! 'n('p“d) 4 4 'Lq(°1o1)) -
S to that of bounding

: N

. G RULE SWTAL X

) e which we have already solved. We state only two of the resulting estimates for

3 illustration:

¢ a(E(a)n e 1.1 (-hvz

LB (8y) NP7 L (=1,1)) ¢ axp(- 5 (Arm) /%)

=, where r > 0, A-%, and for p > /A

2 280 1/2 - 172

o exp(=28n ") << dn(llp(éd),nq( 1,1)) << exp(=fn ")

waba

[

when B = § (3 - %)V 2 and similarly in the remaining cases.

«28=-
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exp(=26n ") <« cn(up.t.q).dn(up,:.q) << exp(~fn ""), for p> > q

1/3 1/3 s

axp(-2m %) << € (8, N r.L) << exp(-m'’")

Y, -
(WY WYY RXR I )

where "<<" indicates that the inequalities hold except for polynomial
o factors in n. The constants o,8,Y depend on p,q and r. For p= =,

X the factor 2 in the lower bound of the first inequality can be omitted.
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